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", The metric-afhne Lagrangian of Ponomarev and Obukhov for the unified gravitational and electro- 

f») ■ magnetic field is linear in the Ricci scalar and quadratic in the tensor of homothetic curvature. We 

' apply to this Lagrangian the variational principle with the tetrad and spin connection as dynamical 

, variables and show that, in this approach, the field equations are the Einstein-Maxwell equations if 

we relate the electromagnetic potential to the trace of the spin connection. We also show that, as 
in the Ponomarev-Obukhov formulation, the generally covariant Dirac Lagrangian gives rise to the 
standard spinor source for the Einstein-Maxwell equations, while the spinor field obeys the nonlinear 
Heisenberg-lvanenko equation with the electromagnetic coupling. We generalize that formulation 
\Q ' to spinors with arbitrary electric charges. 
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I. INTRODUCTION 



> 

Q\ , In general relativity, the electromagnetic field and its sources are considered to be on the side of the matter tensor 
r**"- ■ in the field equations, i.e. they act as sources of the gravitational field. In unified field theory, the electromagnetic 
field obtains the same geometric status as the gravitational field [l[ . The geometry of general relativity is that of a 
four-dimensional Riemannian manifold, i.e. equipped with a symmetric metric-tensor field and an affine connection 
that is torsionless and metric compatible. In order to combine gravitation and electromagnetism on the classical level 
within a geometrical theory we must modify some postulates of general relativity. Weyl relaxed the postulate of metric 
compatibility of the affine connection, obtaining a unified theory of gravitation and electromagnetism, where gauge 
, invariance of the electromagnetic potential is related to conformal invariance of the gravitational Lagrangian 0, HI, 0] • 
Kaluza introduced a five-dimensional spacetime with one Killing vector and showed that the Lagrangian linear in 
the five-dimensional Ricci scalar yields the Einstein-Maxwell field equations and the Lorentz equation of motion [f|. 
Relaxing the postulate of the symmetry of the affine connection mfl and metric tensor resulted in the Einstein-Straus 
and Schrodinger nonsymmetric unified field theories @, H, H, [ToL ITU HH, [l3| . While Kaluza's theory gave rise to 
later models of spacetime with extra dimensions, the Einstein-Schrodinger and Weyl's theories turned out to be 



unphysical [14 1 



In the metric- affine formulation of gravity, both the metric tensor and connection are independent variables 
(gravitational potentials) and the field equations are derived by varying the action with respect to these quanti- 
ties [pI HH, [13, [H, EH H3| • A general affine connection has enough degrees of freedom to describe both the grav- 
itational and electromagnetic field. The gravitational field is represented in the Lagrangian by the symmetric part 
of the Ricci tensor and the classical electromagnetic field can be represented by the tensor of homothetic curvature 
(Weyl's segmental curvature tensor) [2l[. Unlike in the Einstein-Schrodinger and Weyl's theories, where the elec- 
tromagnetic field is associated with a generalized metric tensor, incorporating the electromagnetic potential into a 
generalized affine connection seems more natural: the connection generalizes an ordinary derivative of a vector into 
a coordinate-covariant derivative and the electromagnetic potential generalizes it into a [/(l)-covariant derivative, so 
both objects have the same purpose: to preserve the correct transformation properties under certain symmetries. The 
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simplest metric-afnne Lagrangian that depends on the Ricci scalar and the tensor of homothetic curvature (linear in 
the Ricci scalar and quadratic in the tensor of homothetic curvature), introduced by Ponomarev and Obukhov, gener- 
ates the Einstein-Maxwel l eq uations [22j . The analogous Lagrangian in the purely affine formulation was introduced 
by Ferraris and Kijowski [231 ] - 

In order to incorporate matter fields represented by spinors we must use a tetrad as a dynamical variable instead 
of the metric tensor. Accordingly, the variation with respect to the affine connection can be replaced by the variation 
with respect to the spin connection (the Einstein-Cartan-Kibble-Sciama theory) [U, [25|, [26|, [2?], H^|. In this paper, 
which follows Refs. [29|, [3(|, we use the tetrad and spin connection as the gravitational potentials and show that the 
Lagrangian of Ponomarev and Obukhov [22j generates in this formulation the Einstein-Maxwell equations with the 
electromagnetic potential represented by the trace of the spin connection. We also show that the generally covariant 
Dirac Lagrangian produces in this tetrad-spin-connection formulation the standard spinor source for the Einstein- 
Maxwell equations, while the spinor field obeys the nonlinear Heisenberg-Ivanenko equation [l5|, [3l|, [H, HU, [3f| 
with the electromagnetic coupling. The model of Ponomarev and Obukhov [13] describes spinors with the same 
(nonzero) electric charge, set by the constants in the Lagrangian. We demonstrate that the nonuniqueness of how the 
spin connection enters the spinor connection allows to describe spinors with arbitrary electric charges, including zero. 

II. VARIATIONS OF THE RICCI SCALAR AND HOMOTHETIC CURVATURE 

The curvature tensor with two Lorentz and two coordinate indices depends only on the spin connection uj a bfi and 
its first derivatives 0, : 

R a bfj.v = w< V/i - ^b^v + w % w to _ ^cu^bn- (!) 
The double contraction of the tensor (fTJ) with the tetrad ej^ gives the Ricci scalar: 

R = R\^ a e b r (2) 

The tensor of homothetic curvature, — R c cpvl as a function of the spin connection is given by [2^ ] 

Q/J.V = ^ C C iy,ti - ^ C c^,v (3) 

The simplest metric-afnne Lagrangian density that dep ends on the Ricci scalar and the tensor of homothetic 
curvature was introduced by Ponomarev and Obukhov [22j : 



* = -^Q^ + ^Q^-Q^Q^ + Im, (4) 



where % m is the matter part of the Lagrangian density, a is a constant and c = 1 . The gravitational part of Jt can be 
written as 

^—gR = 2*%{w* + VA), (5) 



Cfl 

where = Eelf and t — det(e^). The variation of the Ricci scalar density with respect to the tetrad gives 

8{V=Q-R) = (2R«-Rel)t8e», (6) 

where R® = R^ u e b is the mixed (one Lorentz and one coordinate index) Ricci tensor. The variation of the 
electromagnetic part of the Lagrangian density gives 

5{tQ^Qn = m^Q p v e a P - QapQ^e^tSe^. (7) 

Consequently, the stationarity of the action S = J d 4 x3L under the variation of the tetrad yields the Einstein equations: 

K ~ \ R ^l = K « 2 {Q^Q P v e ap - \Q a0 Q aP el) + (8) 
where C° is a dynamical energy-momentum tensor density in the tetrad formulation of gravity: <5j£ m = tt°<5e^ [LH . 

nana. 
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Varying the action with respect to the connection in metric-affine theories of gravity gives a relation between the 
connection and metric. We obtain an analogous relation by varying the action with respect to the spin connection, 
related to the affine connection T ? v by [U EE EE E3, El, S 

wV = eS< M + eXr„V (9) 

The variation of the Ricci scalar density with respect to the spin connection gives 

S{y/=gR) = 2*%6(u° b „, ll + = + - Jr^a, %. (10) 

The total (with respect to the coordinate, Lorentz and spinor indices) covariant derivative of the tensor density 
vanishes due to vanishing of the total covariant derivative of the tetrad 0, E3| : 

%6|w ~~ %6,i/ w an^ct 10 bv^ac ^ D pu^ab ^ L v p^ab L pv VL ab^ U > 

where 5^ = r^ P „] is the Cartan torsion tensor. 1 From Eqs. (fT0|) and (|1 lj) . and the formula [29| 

^(ah)^ = --^Nab^, (12) 

where iV Mt/(9 = is the nonmetricity tensor, 2 we obtain 

8{J—gR) = -2{S% v tZ + 2S„t% + N b ^) V bc 6oj a CfX , (13) 

where = S" ' is the torsion vector [301 ] . The semicolon denotes the covariant derivative with respect to T£ v , acting 
on the coordinate indices. 

The variation of the electromagnetic part of the Lagrangian density ^ gives, after omitting a total derivative, 3 

s^Qn = - wox<wv (M) 

Consequently, the stationarity of the action under the variation of the spin connection yields the field equation: 

S\ b + S b e£ - S a e p + \(N bc c e p - iV/J - ^( t Q^)^ ab + = 0. (15) 

where §5> a fcAl is the hypermomentum density in the spin-connection formulation of gravity [28l. l30l] : 53L m — \^a^5uj a b . 

III. THE MAXWELL EQUATIONS 

Contracting the field equation (fT"5|) with respect to the indices (a, b) brings it into the Maxwell-like equation: 



where the colon denotes the covariant derivative with respect to the Christoffel symbols Since the tensor of 

homothetic curvature Q^ v is also a curl of the vector w c c/J , we can associate it with the electromagnetic field tensor 



F ■ 



Q»u = % -F^. (17) 



Accordingly, the electromagnetic potential is related to the trace of the spin connection: 



w% = -A M . (18) 



1 We omit total derivatives in the Lagrangian density since they do not contribute to the variation of the action. 

2 Schouten [2l| defines the nonmetricity tensor as Q PM „ = —g^u-.p- 

3 The electromagnetic part of the Lagrangian density J4) is quadratic with respect to the nonmetricity tensor since the tensor of homothetic 
curvature is linear in N^ vp 29] . 
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With this association the electromagnetic part of the Lagrangian density (|4|) acquires the correct minus sign. The rea- 
son for the imaginarity of u) c cfl will be explained in the next section. The trace of the spin-connection hypermomentum 
density is the source for the homothetic field, so it is proportional to the electromagnetic current vector: 



= (19) 



Substituting Eq. ([16]) to (JTSj) gives 



S" a6 + S b e» - S a e» + \{N bc c e» - iV/J - ^ c c ^ ab + £* a6 " = 0. (20) 

This equation determines the torsion and nonmetricity tensors, thus the affine and spin connection, from the hyper- 
momentum density and tetrad. In the absence of spinor fields: = 0, Eq. (|2"D|) yields 

N bc C = ~S b , N C ca = ~S a , (21) 

in agreement with the relation TP V = — ^S^S^, which is the solution of the field equation arising from the 

variation of the action (in the absence of matter) with respect to the affine connection T£ v [H, H^|- Combining 
Eqs. (Q2J), (JUJ) and (21]) gives 

S, = -A„ (22) 

so the torsion vector is proportional to the electromagnetic potential [13] and imaginary (38|. The case Su = 
corresponds to general relativity, for which the spin connection ui ah ^ is antisymmetric in the indices (a, b) [2!| . 

Metric-affine Lagrangians that depend explicitly on a general, unconstrained affine connection and the symmetric 
part of the Ricci tensor are subject to an unphysical constraint on the sources [H, [4(|. Since the tensor of homothetic 
curvature is antisymmetric, the current vector density y' M must be conserved: (tj^)^ = tj^ — 0, which constrains how 
the spin connection can enter the metric-affine Lagrangian for matter % m : §> C CM ^ = 0. If the matter Lagrangian does 
not depend on Q^ v , the conservation of the current becomes a stronger, algebraic constraint on the hypermomentum 
density: & c cfl = 0. The dependence of metric-affine Lagrangians on the tensor of homothetic curvature replaces this 
constraint with the field equation for Q^ v that we associate with the Maxwell equation for the electromagnetic field. 

The Ricci scalar is invariant under a projective transformation: 

«>V- W V + W. ( 23 ) 

where is an arbitrary vector. Under the same transformation, the tensor of homothetic curvature changes according 

to Q^ v — > Q^ v + 4(V^ )(U — V^.v). Consequently the total action changes by 5S = J d i x{^ al j J '8uo ah ^ + ^-Q^SQ^J) = 

J d i x{\& a} f 1 r] ah V l j. + Ata 2 Q^ u V v ^). This expression is identically zero due to the field equation ([T6]) so the action is 
projectively invariant. Therefore we can interpret the electromagnetic field in metric-affine gravity as the field whose 
role is to preserve the projective invariance of metric-affine Lagrangians that depend explicitly on the affine connection 
without constraining the connection [36| . 

Although the tensor of homothetic curvature is not invariant under general projective transformations (|23[) . it is 
invariant under special projective transformations: 



hp ~ ' w bp, 



+ ( 24 ) 



that correspond to A-transformations of the affine connection [l3| ■ Because of Eq. (TTSJ) the transformation (|24p is a 
geometric representation of the gauge transformation of the electromagnetic potential: 

— > + (f> tfl) (25) 

where 

= -4ia\. (26) 

In the presence of the gravitational field we "correct" the derivative by introducing the affine connection, while in the 
presence of the electromagnetic field we introduce the electromagnetic potential. Therefore it seems natural to assume 
that the electromagneticpotential is related to the connection [22| rather than to the metric as in earlier unified field 
theories @, |, |, MM I, S M HO, M S3 ■ 
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IV. THE HEISENBERG-IVANENKO EQUATION 

The Dirac Lagrangian density for a spinor field ip (representing matter) with mass m in the presence of the 
gravitational field is given by 

%t — — — zt — — it — — 

im = g (V'T'Vl/* - 1>\nl' i i>) - tm ^ = ^ (WVv - </V7 M V>) - ^{7 M , r M>^ ~ tmipij}, (27) 

where ip = V>^7° is the adjoint spinor corresponding to tp, is the spinor connection [3, [H, [29j], {} denotes 
anticommutation, and h = 1. In the presence of nonmetricity, the spinor connection is given by the Fock-lvancnko 
coefficients with the antisymmetric part of the spin connection [2iJ E2] : 4 

r M = -iw [ „6] M 7°7 6 . (29) 

The electromagnetic field, like the Weyl conformal vector [3], seems not to couple to the Dirac spinor because only the 
antisymmetric part of the spin connection appears in the Lagrangian density (|27p . The corresponding spin-connection 
hypermomentum density Hs> ab ^ is antisymmetric in the indices (a, b) and the current vanishes due to Eq. (|19[) . 

However, Eq. ([29]) is not a unique solution for the spinor connection in Eq. ([28]) ; we can add to the Fock-lvanenko 
coefficients an arbitrary vector multiple of the unit matrix, [29l | : 

r M = —w^tV + ^. (30) 

Though only the antisymmetric part of the spin connection appears explicitly in Eq. (|30|) , we can insert the symmetric 
part (*)( a b){i into Eq. ([30]) by choosing 

V, = -\u [ab) ^l h = -f (31) 
where q is a number related, as we show below, to the electric charge of the spinor. We can rewrite Eq. (|30[) as 

^ = - Jw$,7V, (32) 

where 

W £i = W [afc]M + «W(ob}/i (33) 

is the modified spin connection. 5 Since the modified spinor connection T^P corresponding to the addition of the 
vector pip is related to the Fock-lvanenko spinor connection T M by 

r(f)=r M -|a; c c/1 , (34) 

we must add to the right-hand side of Eq. (|27|) the term 

% {q) = ^ W %^y"V. (35) 
The part of the matter Lagrangian density (|27p that contains the spin connection is given by 

**, = -|^,rW}^ = ^t'^V'K, + «(,), (36) 
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r, 



This form of the spinor connection results from 



7% = "V* - FV..7°] = -^VV- (28) 
The nonuniqucness of the spinor connection up to a vector allows to introduce gauge fields interacting with spinors l2tl . 
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where we used the identity {7 a ,7' b 7 c '} = 2^ ar ) b ^ c \ Consequently, the hypermomentum density is [UHII 

* a6 " = |v; 7 [« 7 v ] v + Y^^ ab , (37) 

and Eq. (|20|) becomes 

S\ b + S b eZ - S a et + \{N bc c e» - iV/J + ^V^ 7[a7b7c] ^ = 0. (38) 
Using the relations (|21[> . which remain valid in the presence of the Dirac spinors, we obtain 

S\ b - \N bc c e% + ~iV ac c e£ - ~iV/ a + ^ aW ^ - 0. (39) 

Relating the constant a to charge of the electron e by a = 4- and using Eq. (|18p bring Eq. (fl"T)| to the form: 
j M = qeijjj^ip, an d Eq. ([33]) to i( g ) = — (A^j^. 6 Therefore q represents the electric charge (in units of the charge 

of the electron) associated with the spinor ifi. Equation (f3"4"|) takes the form: 1^, = r„ — iqeA^, i.e. the covariant 
derivative arising from the electromagnetic field represented by the tensor of homothetic curvature coincides with the 
covariant derivative of the ?7(1) gauge symmetry, explaining why in Eq. (|18[) we associated the spin connection with 
the electromagnetic potential multiplied by i. 

The invariance of Eq. |28|) under the addition of a vector multiple V M of the unit matrix to the spinor connection 
allows to introduce the interaction between spinors and the vector field [29j . Rewriting in terms of the symmetric 
part of the spin connection, as in Eq. (f3"Tj) . gives the proportionality constant q the interpretation of the coupling 
between the spinor field and V^, i.e. the electric charge of the spinor. The nonuniqueness of the spinor connection up 
to a vector is thus related to the arbitrariness of the electric charge of a (classical) spinor field. The quantization of the 
electric charge may result from the quantization of the modified spin connection (|33[) . In the model of Ponomarev and 
Obukhov [22|, the spinor connection is set to T M = — \uj abfl 'y a ^ b 1 which differs from Eq. (|29|) by a vector multiple of 
the unit matrix and corresponds to spinors with q = 1. Here we show that the metric- affine formulation of gravity and 
electromagnetism with the electromagnetic field represented by the tensor of homothetic curvature allows to describe 
spinors with arbitrary electric charges, including electrically neutral spinors. 

Varying the action with respect to the spinor fields gives the field equations for spinors. The variation of the Dirac 
Lagrangian density (|27p with respect to ip gives 7 

Sl m = -(^(W7 m ),m + tfrfT ll +t^| M 7 M ) +tm$)ty, (40) 
while the variation with respect to i\) gives the equivalent equation: 

8% m = 5$(^({t^)^-tT^ + t^^)-tm<^. (41) 
Equation (T4"T]) yields the field equation for ip: 

2t 7 A V| AI + fyTW - tl^V + (rA/^ - ZtS^ip + itrmp = 0. (42) 

Using the formulae: 7^, = 7% — [r^, 7 M ], 7^, = —\N^ pu ^ p and t ;M = ^N v vfl [29j, where [] denotes commutation, 
and replacing T M by rjL , we can write Eq. (I42| as 

rt, - 7 M r^v - s,r*p + \^ v [M i^ + ™^ = 0. (43) 

Combining Eqs. ([21]) and (T43|) gives 

7 M (^ + iqeA^ + -w^j^V^) + ^A^W + imip = 0. (44) 



The constant a has the dimension of the electric charge, which follows from how it appears in the Lagrangian density fH , 
We again omit total derivatives in the Lagrangian density. 
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The spin connection w a fc/x is related to the affine connection by Eq. ([9]), and the affine connection is related to the 
torsion and nonmetricity tensors by [2l| 

= + S V + V + S v / + \{N^ - N^ u - N" vlt ). (45) 

Therefore the spin connection LJ a b^ can be written as the sum of the antisymmetric spin connection u;^ corresponding 
to the symmetric and metric-compatible Levi-Civita affine connection { M p „} (we denote the corresponding spinor 
connection by T$): 



uJ 



i = e -<M + e«A{ P \}> (46) 



and the non-Riemannian part containing the torsion and nonmetricity tensors: 



(n) 



eau%(sr pix + S pfl » + S w v + - N v pli - N"J) . (47) 

Substituting Eq. (|39|) to (|47|) and antisymmetrizing with respect to the indices (a, b) gives 



(n) _ 



which, using the identity ^ a ^/ b j c ^ = ie abcd "/dl 5 , reads 

\^7 a 7 b ^[X = -\^ N »c C ~ ^frfrftyf-f- ( 49 ) 
Combining Eqs. (|44| and (|49|) gives the Heisenberg-Ivanenko equation with the electromagnetic coupling [34l. l35j] : 

7 M (V> 1( u - r»i/> + iqeA^ip) - ^(^7m7 £ V)7 / V^> + imip = 0. (50) 



(V> 1(U + i/T^ - iqeA^)Y + ^V^T^V^T^) ~ = 0. (51) 



Similarly, Eq. (gDJ) yields 



The first terms on the left-hand sides of Eqs. (|50|) and (fSTj) correspond to the general-relativistic interaction of the 
spinors tp and tp, respectively, with the electromagnetic potential A p (represented geometrically by the trace of the 
spin connection). The second terms, nonlinear in tp or tp, respectively, describe the Heisenberg-Ivanenko spinor self- 
interaction that introduces deviations from the Dirac equation at energies on the order of the Planck energy, and 
may be related to the weak interaction of particles [IH, [43|, 0, Hf| |46[ . The homothetic curvature associated with the 
electromagnetic field does not introduce, besides generating the coupling between the electromagnetic potential and 
spinor, any changes to the Heisenberg-Ivanenko equation. The same result is found if we vary the action with respect 
to the affine connection instead of the spin connection [22| . 

V. CONCLUDING REMARKS 

For a linear connection, not restricted to be metric compatible and symmetric, there are five possible modifications 
of the Maxwell equations: g vp F vp . p = j p , F v p . v = j p , F v » v = j>*, g vp F v p . p = j», and the metrically modified 
g vp F l/p - p = [47]. 8 The experimentally confirmed conservation laws of electric charge and magnetic flux indicate 
that the last possibility, which also results from the differential-form and metric-free formulations of electrodynamics, 
is physical [4ct [4^ |. Regarding the tensor of homothetic curvature Q pl , as the geometrical quantity representing 
the electromagnetic field tensor in the metric-affine gravity, together with the simplest form of the Lagrangian that 
contains Q pv [22j |. automatically leads to the metrically modified Maxwell equations. In this paper we obtained the 



The semicolon and colon denote the covariant derivatives with respect to T pv and { M p „}, respectively. 
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same result using the tetrad-spin-connection formulation (variation with respect to oj a b instead of T^). We applied 
this formulation to the generally covariant Dirac Lagrangian and showed that the nonuniqucncss of how the spin 
connection enters the spinor connection allows one to describe (nonlinear) [5(| spinors with arbitrary electric charges, 
generalizing the results of Ref. [22j • 

In the presence of the gravitational field we generalize an ordinary derivative into a coordinate-covariant deriva- 
tive by introducing the afhne connection, while in the presence of the electromagnetic field we generalize it into a 
[/(l)-covariant derivative by introducing the electromagnetic potential. In order to reproduce correctly the U(l)- 
covariant derivative, the tensor of homothetic curvature and the torsion vector must be purely imaginary because 
the electromagnetic-field observables are real. Accordingly, the antisymmetric part of the spin connection is real, 
while its symmetric part is imaginary (Ref. [13] does not discuss this point). Relating electromagnetism to the affine 
connection [22| or spin connection (as in this paper) seems more natural than associating it with the metric, as in 
earlier unified theories 0, d, 0, [H, 0, H, @i 03 US E3 • This relation may also suggest the correct way of quantizing the 
gravitational field, since we we already have a highly successful quantum theory of the electromagnetic field (QED). A 
successful theory unifying gravitational and electromagnetic interactions on the classical level should be regarded as 
the classical limit of the quantum theory of all interactions, giving insights on how to construct such a theory, possibly 
with geometrization of spinor fields. Therefore classical unified field theory is still a topic worthy of investigation. 
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